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1. Introduction  
 
Global warming and climate changes are changing the environment and therefore changing the 
distribution and behaviour of the plant species. In this paper, we will model the Protea species in the 
population size of 1 to 10, in the Cape Floristic Region, in 2002, in South Africa. Since we have 
presence data only and these are incomplete sample data, so we will look at occurrence counts or 
frequency distributions of the Protea. We will use the partial differential equation associated 
regression (PDEAR) model, with consideration of precipitation and temperature, to fill in missing 
samples within the Cape Floristic Region, in 2002. Using future precipitation and temperature 
variables (Hewitson and Crane 2006, New et al. 2002, Tadross et al. 2005), we will use the PDEAR 
model to predict the future occurrence counts of rare Proteas population count. 
 
2. Proteas in the Cape Floristic Region 
 
The Cape Floristic Region is located at the southern tip of the Africa, and it covers parts of Western 
and Eastern Cape provinces of South Africa. It is home to some 9030 plant species, and nearly 70% of 
which are found nowhere else. Fynbos is the predominate ecosystem in the Cape Floristic Region, and 
it is under serious threat (Freeth et al., 2007). The Protea Atlas Project collected samples of Fynbos’s 
flowering Proteas in the Cape Floristic Region, South Africa, in 2002. In this case, we are focusing on 
the population category of Proteas that has an estimated population size from 1 to 10 per sample site. 
 

 
Figure 1. The Cape Floristic Region within South Africa 
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Figure 2. The Sample Locations of Proteas in the Population Size of 1-10, in the Cape Floristic 
Region, 2002 

 
Figure 2 shows the locations of Proteas occurrence of the population size of 1 to 10, in the Cape 
Floristic Region. As one can see from the figure, the sample locations are not well spread. To solve 
this problem, we will use occurrence counts of the Proteas. The Cape Floristic Region is divided into 
grid cells, and within each cell, the presence of Protea species is counted, and the resulting value is 
attached to each centroid point of each cell. In Figure 3, the pink color are 0 in value, it shows the un-
sampled locations. It is clear that a lot of the areas are un-sampled. The PDEAR model will be used 
here in order to predict the un-sampled cells. 
 

 
 

Figure 3. The Sampled Frequency Counts of Proteas in the Population Size of 1-10, in the Cape 
Floristic Region, 2002 

 
 
3. The Theoretical Foundation for PDEAR modelling 
 
PDEAR merges partial differential equation, multivariate regression and credibility measure theory 
into a new modelling family. For two-dimensional spatial modelling, the bivariate PDEAR model has 
following form: 
 

PDES
CREG

⎧
⎨
⎩

 (1)

 
where  PDES  denotes  the first-order Pfaff linear partial differential equation system: 
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with constant coefficients: 
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satisfying Frobenius consistency conditions 1 2 2 1B B B B= , and CREG denotes coupled bivariate 
regression: 
 

 
( )
( )

1

2

1 1 2 1 1

2 1 2 2 2

,

,

1,2, ,

i

i

z
x i i i

z
x i i i

B z x x a

B z x x a

i n

ε

ε

∂

∂

⎧ Δ = + +
⎪

Δ = + +⎨
⎪ =⎩

 (4)

 
with partial divided difference: 
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In Equation (1), the bivariate system is called the associated bivariate partial equation system, the 
bivariate regression system is called the coupled regression, and the error term is in nature of random 
fuzzy, in which the fuzziness comes from the replacements of the partial derivative vectors, say, 

1z x∂ ∂ , 2z x∂ ∂ in associated partial equation system by the divided partial differences, say, 
1i

z
x

∂
∂Δ , 

2 i

z
x

∂
∂Δ  respectively, while the random error comes from sampling from the system under investigation. 

For more theoretical details, see Guo at al (2007s, 2008). 
 
For an intuitive explanation, we use dear (an abbreviation of differential equation associated 
regression) model, the univariate counterpart of PDEAR model to avoid the complexity in multi-
dimensional spaces.   
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Without loss of generality, a simple linear differential equation, dx dt xa b= +  is used for illustrations. Let ( )1ˆix  
denote an approximation to the primitive function ( )x t  at it , and let i ix tD D be an approximation to the 

derivative function dx dt  at it , with ( ) ( )1i i ix x t x t -D = - , 1i i it t t -D = - .  

 
Definition 2.1: If a dynamic system governed by dx dt xa b= +  is sampled at its derivative level, 
denoted by ( ) ( ) ( ) ( ){ }0 0 0 0

1 2, , , nX x x x= L , the coupled equation system: 

 

( ) ( )0 1

                            

ˆ ,  1,2, ,i i i

dx x
dt

x x i n

a b

a b e

ìïï = +ïïíïï = + + =ïïî L
 (6)

 
is called Type I DEAR model. If it is sampled at its primitive level, denoted by 

( ) ( ) ( ) ( ){ }1
1 2, , , nX x t x t x t= L ,  the coupled equation system: 
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is called Type II DEAR model. 
 
The second equations in equation system (6) and  (7) are called coupled regressions, while the first one 
is called the associated differential equation.  
 

 
 

Figure 4. Two approximations to nonlinear curve ( ) ( ); ,x t f t a b=  in ( ),t x  space 
 
In terms of Type I DEAR, we first fit the coupled regression in the ( ), 'x x  space (Figure 5), where 

'x denotes the derivative of x  with respect to t . 
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Figure 5. Type I approximation in ( ), 'x x  space 
 
Then estimator of parameter ( ),θ α β= , denoted by ( )ˆ ˆˆ ,q a b=  is obtained. Once the parameter 

( ),θ α β=  is obtained, by solving the approximated linear differential equation ˆˆdx dt xa b= + , we 

will obtain an approximated nonlinear curve ( )( )1
0

ˆˆ' ; , ,x t xj a b= , (yellow-coloured curve in Figure 4), 

which is expected to approximate the primitive curve in relatively high accuracy. 
 
If the sampling observations are collected at primitive function level, denoted as 

( ) ( ) ( ) ( ){ }1
1 2, , , nX x t x t x t= L . Then in terms of Type II DEAR Type II, the derivatives could be 

approximated, for example, by the divided difference, i.e., i ix tD D . Just as shown in Figure 6, fitting 
ˆˆ ˆ'x x t xa b= D D = +  for approximating line 'x xa b= + . Then, the estimated parameter ( )ˆ ˆˆ ,θ α β=  

will lead the nonlinear approximation ( )( )1
0

ˆˆ' ; , ,x t xj a b=  to the primitive function ( ) ( ); ,x t f t a b=  in 

( ),t x  space (shown in Figure 4).  
 

 
 

Figure 6. Type II approximation in ( ), 'x x  space 
 

The error structure makes the coupled regression being no longer a regression in statistical linear 
model sense, rather in the random fuzzy variable theoretical sense, which engages Liu’s credibility 
measure theory (2004, 2007) rather Zadeh’s fuzzy mathematics (1965, 1978). More technical details 
can be found in 2007 publications of Guo et al listed in the reference. 
 
 
4. PDEAR Predicted Protea Occurrence Counts 
 
Using the predicted results from the PDEAR model, the un-sampled cells are predicted with frequency 
counts of the Protea. Figure 7 shows the PDEAR model predicted frequency counts of Proteas. The 
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figures show a general range of predicted values, but in fact the actual predicted values are numerical, 
and have predicted the sample values of where there were no samples at all. 
 

 
 

Figure 7. The PDEAR Model Predicted Frequency Counts of Proteas in the Population Size of 1-10, 
in the Cape Floristic Region, 2002 

 
Now we can produce kriging prediction maps of the Proteas, using the predicted results from the 
PDEAR model. Figure 8 shows the distribution of occurrence counts of Proteas. 
 

 
 

Figure 8. The Kriging Prediction Maps of Frequency Counts of Proteas in the Population Size of 1-10, 
in the Cape Floristic Region, 2002 

 
Using the present precipitation and temperature data (1961-1990) and the projected future 
precipitation and temperature data (2070-2100) (Hewitson and Crane 2006, New et al. 2002, Tadross 
et al. 2005), rare Proteas counts are predicted for the future using the PDEAR model. See Figure 9. 
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Figure 9. The Kriging Prediction Maps of Frequency Counts of Proteas in the Population Size of 1-10, 
in the Cape Floristic Region, in the future (2070-2100) 

 

 
 

Figure 10. The Kriging Prediction Maps of Changes in Frequency Counts of Proteas between the 
Present and the future 

 
Figure 10 shows the changes in Proteas counts between present and future. It is clear that in general, 
there is a decline in Protea counts, but in some isolated areas, a positive increase in Protea counts is 
shown. One must recognise that this population category of Proteas only has the population size of 1 
to 10, so that it is very sensitive to environmental changes. Therefore, the Proteas between the years 
have changed dramatically in frequency count and spatial distribution patterns. Of particular interest is 
the dark blue areas, where there is a high decrease in Protea counts. It is important to recognise that 
under the changing climate conditions, Proteas are under threat and their distribution and numbers are 
changing in response to the climate, and we need to acknowledge the impacts of climate change. 
 
 
5. Conclusion 
 
The coupled regression component in a PDEAR model is in nature a special random fuzzy 
multivariate regression model. We developed a bivariate model for investigating the impacts from 
rainfall and temperature on the Protea species in the population size of 1 to 10, in the Cape Floristic 
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Region, in 2002, South Africa. Under same the biodiversity structure, we explore the future spatial 
change patterns of Protea species in the population size of 1 to 10 with future predicted rainfall and 
temperature. The spatial distribution and patterns are clearly will help us to explore global climate 
changing impacts on endangered species. 
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